The Material Point Method (MPM), as proposed by Sulsky et al. (1994) , has been developed to simulate large deformations and failure evolution involving diŠerent material phases in a single computational domain. A continuum body is divided into aˆnite number of subregions represented by Lagrangian material points, while the governing equations are formulated and solved with the Eulerian grid. Since this grid can be chosen arbitrarily, mesh tangling does not appear in the MPM. To design a simple but robust spatial discretization procedure, the MPM is coupled with theˆnite diŠerence method (FDM) in the present study for simulating fully and partially saturated elasto-plastic soil responses based on the simpliˆed three-phase method. Governing equations for the soil skeleton and the pore ‰uid are discretized by the MPM and FDM, respectively. Soil-water coupled analyses for fully saturated soils and seepage-deformation coupled analyses for unsaturated soils are performed, and the potential of the proposed method is demonstrated via numerical examples.
INTRODUCTION
It is well known that large deformation and failure analysis with theˆnite element method (FEM) may lead to numerical di‹culties due to mesh tangling even when the updated Lagrangian scheme is adopted. Mesh-free methods have been proposed by the research community to circumvent the di‹culty by replacing the conventional connectivity matrix with certain innovative treatments in spatial discretization. In the present paper, we develop a spatial discretization procedure for the challenging geotechnical problem involving fully and partially ‰uid-saturated porous media, based on the Material Point Method (MPM), which could be classiˆed as a particle method for coupled computational ‰uid dynamics (CFD) and computational solid dynamics (CSD) simulation. The MPM was originally developed by Sulsky, Chen and Schreyer (1994) for the CSD simulation method as an extension of the particle-in-cell method (PIC) for the CFD simulation developed by Harlow (1964) . Within the original framework of the MPM as proposed by Sulsky et al. (1994) , a continuum body is divided into aˆnite number of subregions consisting of Lagrangian material points and constitutive equations are formulated and solved at the material points, while the equation of motion is solved with the use of the background Eulerian computational grid. Since this computational grid can be chosen arbitrarily, the mesh tangling problem does not appear in the MPM. The MPM has been successfully applied to a wide variety of problems including collisions (Sulsky et al., 1994 (Sulsky et al., , 1995 (Sulsky et al., , 1996 , dynamic failure (Chen et al., 2002) , granular ‰ow (Wi ckowski, 2004), decohesion (Chen et al., 2005) , delamination (Schreyer et al., 2002) , and fragmentation (Hu and Chen, 2006 ). The numerical stability and the discretization scheme for the MPM have also been studied and improved (e.g., Sulsky et al., 1995; Bardenhagen, 2002; Nairn, 2003; Bardenhagen and Kober, 2004) .
Several researchers have applied the MPM to geomechanics problems (e.g., Coetzee ), but most of the published papers with the MPM are limited to single-phase soil and much work remains to be done to further develop the MPM for model-based simulation of multi-phase soil responses to diŠerent loading conditions. The aim of the present work is therefore to develop the MPM for coupled CFD and CSD model-based simulation of multi-phase materials with application to geotechnical problems.
In this paper, we propose a coupled MPM-Finite DiŠerence Method (FDM) simulation scheme for analyzing both fully and partially ‰uid-saturated porous soil responses. For analyzing the mechanical behaviors of unsaturated soils, the governing equations for solid, water and air phases considering the interactions among the three phases are formulated by the u-p method based on the theory of porous media (Ehlers et al., 2004) . In the formulation, a simpliˆed three-phase method is used in which the compressibility of air is assumed to be very high, whereas the soil particle and the pore water are incompressible as compared with the air (Oka et al., , 2008a ; Kato et al., 2009a Kato et al., , 2009b Higo et al., 2009 ); namely, the three-phase method can be simpliˆed into the soil-water coupled two-phase mixture theory. The solid phase is considered as an elasto-plastic body modeled by a cyclic elasto-plastic constitutive equation for sandy soil proposed by Oka et al. (1999) . In the MPM, constitutive equations can be easily applied because history-dependent variables, such as plastic strain and strain-hardening parameters, are carried by each material point. As the stress variable of the constitutive model, skeleton stress (Jommi, 2000; Gallipoli et al., 2003 ) is used to describe the mechanical behavior of unsaturated soils (Oka et al., 2006 (Oka et al., , 2008b (Oka et al., , 2010 Kimoto et al., 2007) . For the full description of the behavior of unsaturated soil, it is necessary to incorporate the suction in the constitutive model. It is worth mentioning that the skeleton stress reduces to Terzaghi's eŠective stress and the governing equations turn out to be those for fully saturated soils when the degree of saturation is equal to unity. Within each time increment, the solid phase is solved by the MPM and the water phase is solved by the FDM using a background mesh of the MPM. As for the discretization procedure for the water phase, we use theˆnite volume method (FVM), which is classiˆed as an FDM. The discretization method is similar to that used in the liquefaction simulation by one of the authors (e.g., Oka As a numerical example, we have conducted quasi-static deformation analyses of fully water-saturated porous elastic solids, and the numerical results are compared with those by the FEM and the analytical results in order to verify the performance of the proposed method. Furthermore, we have carried out seepage-deformation coupled analyses of unsaturated soils: one-dimensional inltration analysis and two-dimensional analysis of river embankment under seepage-‰ow. It is known that the mechanism of the failure of river embankments induced by seepage ‰ow and/or over‰ow during a ‰ood is complicated. Small-scale slope failures or erosion of soils on the slope and at the toe of the embankment due to seepage ‰ow and/or over‰ow cause progressive changes in the shape of river embankments, which results in a signiˆcant change in the water pressure acting on the embankments by the over‰ow. These kinds of behaviors could be reproduced by the coupled MPM and FDM scheme since the MPM has an advantage in the simulation of the strong discontinuities such as delamination (Schreyer et al., 2002; Chen et al., 2005) and granular ‰ows (Wi ckowski, 2004) as well as continuous large deformation including shear banding. By looking closely at the implications of our numerical results, the applicability of the proposed method to multi-phase coupled geotechnical problems is discussed.
GOVERNING EQUATIONS OF THE SIMPLIFIED THREE-PHASE METHOD
For the derivation of the governing equations of the simpliˆed three-phase method presented in this paper, the following assumptions are adopted:
1. The soil particles are incompressive. 2. The spatial gradients of saturation and porosity are su‹ciently small. 3. The relative acceleration of the water phase to the solid phase and that of the air phase to the solid phase are much smaller than the acceleration of the solid phase. Extension is assumed to be positive for the stresses, while the pore pressures are positive for compression. Direct notation is used for vectors and tensors, which are indicated by boldface letters. A dot denotes a contraction of inner indices, i.e., aibi＝a･b, so that cijdij＝c:d.
Skeleton Stress
When modeling the mechanical behavior of unsaturated soil, it is necessary to choose appropriate stress variables since the Terzaghi's eŠective stress concept is not valid for unsaturated soil due to the very large compressibility of the gas phase. In this study, skeleton stress (Jommi, 2000; Gallipoli et al., 2003) is used for the stress variable in the constitutive relation for the soil skeleton (Oka et al., 2006 (Oka et al., , 2008b (Oka et al., , 2010 Kimoto et al., 2007) . The total stress tensor is assumed to be composed of three partial stresses for each phase.
where s is the total stress tensor, s s , s f , and s a are the partial stress tensors for solid, water, and air, respectively.
By the analogy with the fully water-saturated soil, the partial stress tensors for unsaturated soil can be given as follows:
where n is the porosity, I is the unit tensor, Sr is the degree of saturation, p f is the pore water pressure, p a is the pore air pressure, s? is the skeleton stress tensor and P F is the average ‰uid pressure. The skeleton stress acts only on the solid phase.
By substituting Eqs. (2)- (4) into Eq. (1), we have total stress as:
In addition to adopting the skeleton stress, the eŠect of suction on the constitutive model should be taken into account in order to properly describe the behavior of unsaturated soil such as collapse, which cannot be explained only by Bishop's deˆnition for the eŠective stress of unsaturated soil. However, for the sake of simplicity, the eŠect of suction on the constitutive model was not considered in this study.
Conservation Laws of Mass
The mass conservation law for each phase is given by
where superscripts s, f, a denote solid phase, water phase, and air phase, respectively, and \ J (J＝s, f, a) is the velocity vector of each phase. šr J (J＝s, f, a) is the average density for each phase given as follows:
in which r s , r f and r a denotes the mass bulk density of the solid, water, and air, respectively.
Density of the whole mixture r is deˆned as the sum of the average densities for the three phases, i.e., 
šr f a f ＋R＝;･s
where a J (J＝s, f, a) is the acceleration vector of each phase, b is the body force vector, Q denotes the interaction between the solid and the air phases, and R denotes the interaction between the solid and the water phases.
These interaction terms Q and R can be described as
where g is the gravitational acceleration, k f is the water permeability coe‹cient, k a is the air permeability coe‹cient, ·w f is the average relative velocity vector of water with respect to the solid skeleton, and ·w a is the average relative velocity vector of air to the solid skeleton. The relative velocity vectors are deˆned by
Equations (2), (11), (15), (17) and (19) , and the assumption 3, i.e. äw f equal to 0, provide
in which assumption 2 is used. Similarly, from Eqs. (3), (12), (16), (18) and (20), we obtain 
where e s is the strain tensor of solid phase. Since saturation is a function of the suction, namely, the negative pressure head, the time rate for saturation is given by n _Sr＝n dSr du du dc dc dp
where u is the volumetric water content, c＝p
is the suction, and C＝ du/dc is the speciˆc water content.
It is assumed that the constitutive equation of water phase can be given as follows: (27) in which K f is the volumetric elastic coe‹cient of water and e f is the strain tensor of water phase. Using Eq. (27) , the third term of Eq. (25) is written as
Substituting Eqs. (19) , (21), (26) , and (28) into Eq.
(25), the continuity equation for the water phase is given as
Continuity Equation for the Air Phase When we take a similar manner for the water phase, the continuity equation for the air phase can be derived as follows: 
Unsaturated Seepage Characteristics
The soil-water characteristic model proposed by van Genuchten (1980) is used to describe the unsaturated seepage characteristics as
where Se is the eŠective saturation as S e ＝ u-u r us-ur ＝ nS r -u r us-ur (33) in which c is the negative pressure head (suction), us is the volumetric water content at the saturated state and is equal to porosity n, and ur is the residual volumetric water content retained by the soil at the large value of suction head which is the disconnected pendular water meniscus. In Eq. (32), a is a scaling parameter in which the dimensions of the inverse of c, and n? and m determine the shape of the soil-water characteristics curve. The relation between n? and m leads to an S-shaped type of soilwater characteristics curve, namely, m＝1-1/n?.
Using Eqs. (32) and (33), the speciˆc water content C is given by C＝a(n?-1)(us-ur)S The speciˆc permeability coe‹cient kr, which is a ratio of the permeability for unsaturated soil to that of the saturated one, is deˆned as (Mualem, 1976) In the analysis, the eŠective saturation Se and the saturation Sr are calculated with Eqs. (32) and (33) using the negative pressure head c. By applying the obtained eŠec-tive saturation, the speciˆc water content C and the speciˆc permeability coe‹cient kr are then calculated by Eqs. (34) and (35), respectively.
MPM-FDM COUPLED FORMULATION FOR THE SIMPLIFIED THREE-PHASE METHOD
In this section, the MPM, as originally proposed by Sulsky, Chen and Schreyer (1994) , is applied to the simpliˆed three-phase method. The equations of motion for the whole mixture are discretized by the MPM, while the continuity equation for the water phase is discretized bŷ nite volume method (FVM) which is classiˆed as thê nite diŠerence method (FDM) for conservation laws. The discretization scheme for the water phase is similar to that used in the liquefaction analysis method (e.g. (Oka et al., 1994) . It is known that the FVM is applicable to the geometrically complicated region without variable transformation due to the arbitrary use of the grids, e.g., the unstructured grids.
In the computational model, a u-p formulation is adopted in which the displacement of the soil skeleton, u, and the pore water pressure, p, are used as the unknown variables. All the state variables are carried by material points, whereas they are mapped to the computational grids when solving the governing equations. The computational grids for the MPM formulation can be chosen arbitrarily, and the same grids are used in the FDM formulation. The displacement is deˆned at each node of the computational grid and the pore water pressure is allocated at the center of the grid (Higo et al., 2009) . With regard to the arbitrary properties of the computational grids, it is fair say to that the FVM is compatible with the coupling with the MPM.
MPM Formulation of the Equations of Motion for the Whole Mixture
The deˆnition of skeleton stress is as given in Eqs. (5) and (6), namely,
The assumption of the simpliˆed three-phase method, i.e., p a ¥0, leads to the following relation between total stress and skeleton stress:
Using the density of the whole mixture r, the speciˆc skeleton stress tensor s? s is deˆned as:
The speciˆc stress tensor proves to be useful in the weak form of the equation of motion (Sulsky et al., 1994) . Governing equations are solved in a region V occupied by the whole mixture, and boundary conditions are given s･u＝t on &Vt (40) in which u is the displacement vector, šu is the prescribed displacement vector, n denotes the unit vector outwardly normal to the boundary &V, and t is the prescribed traction vector. The boundary &V has been divided into two parts &Vu and &Vt which indicate the displacement boundary and the traction boundary, respectively. Traction and displacement cannot be prescribed at the same point, namely, &V＝&Vu!&Vt, &Vu?&Vt＝0
The weak form of the equation of motion for the whole mixture, Eq. (24), is given by
where a is the acceleration vector for solid phase omitting the superscript s for simplicity, w is a test function which is equal to zero on the displacement boundary &V u , and dV denotes the diŠerential volume. Applying the Gauss theorem and the integration by parts and using Eqs. (37) and (38) 
in which s? s is the speciˆc skeleton stress and dS represents the surface elements.
In the MPM formulation, a continuum body is divided into aˆnite number of subregions consisting of Lagrangian material points while the equation of motion is solved using Eulerian computational grid (Fig. 1) . Thus, the density r at the spatial point x is written as a sum of point masses as Mpw( Xp)･b( Xp) ( 4 5 ) Let us consider the basis functions for the grid. Acceleration a(x) and test function w(x) at the spatial points x can be represented by the nodal basis functions with spatial points of x as
wINI(x) ( 4 7 ) in which NI(x) is the basis functions associated with the grid node I, I＝1, 2, . . . , N n ( N n is the number of grid nodes), and aI and wI are vectors of acceleration and test function at the grid nodes, respectively. The grid can be chosen for computational convenience. In the present analysis, the basis functions are assembled from the conventionalˆnite element shape functions for four node isoparametric quadrilateral elements. Substituting Eqs. (46) and (47) into Eq. (45) leads to
Mps?
where subscript E denotes each grid, p f E is the pore water pressure deˆned at the center of the grid, and s K v t I , ât I and GIp are given by
in which s Bvt I is the nodal displacement-volumetric strain vector. Since the test function wI is arbitrary, Eq. (48) yields 
Although the consistent mass is derived from Eq. (52), we use the diagonal mass matrix, i.e., the lumped mass, for simplicity. The lumped mass at nodes mI can be given by
Using Eq. (53) for Eq. (52), we obtain theˆnal form of the equation of motion, namely,
FDM Formulation of the Continuity Equation for the Water Phase
For the water phase, the whole boundary surface &V can be divided into two parts, namely, &V＝&Vh!&Vv, &Vh?&Vv＝0
( 5 5 ) in which &Vh is the water head boundary and &Vv is the velocity boundary, where the pore water pressure and the water ‰ow vector are speciˆed, respectively.
where the speciˆed values are designated by a superposed bar and \is the velocity vector of the pore water through the boundary surface. Adopting the test function wn which takes unit value inside the grid and zero value outside the grid, weak form of the continuity equation, Eq. (29), is obtained as
in which the superscript s of a s and f of k f denoting the solid phase and the water phase, respectively, are omitted for simplicity.
Theˆrst term on the left hand side of Eq. (58) can be written as follows:
aI･s Kvt
Based on theˆnite volume method, the volume integrals of the governing equations that contain divergence terms are transformed to the boundary integrals, by which the conservation laws are satisˆed implicitly through the ‰ux evaluating on the boundaries between the grids. Using the Gauss theorem, the second term on the left hand side of Eq. (58) yields
where &VE is the boundary of each grid on which the spatial gradient of pore water pressure is deˆned in theˆnite volume method and n is the normal vector to the boundary. DiŠerence approximation scheme as same method for liquefaction analysis (Oka et 
where p f E is the pore water pressure at the center of the grid, p f Ei is the pore water pressure at the center of the adjacent grid i, ai is the constant deˆned by the length of grid sides and the distance between the grid and the neighboring grid. In the case of quadrilateral grid, a＝ S 4 i＝1 ai. rxi and ryi are the components of the length of the boundary adjacent to the neighboring element, ri, in x and y direction, respectively. nxi and nyi are the components of the normal vector to the grid with respect to x and y direction, respectively.˜ki is the average permeability coe‹cient for two neighboring grid.
Gauss's divergence theorem is applied to the third term of Eq. (58) as
By the spatial diŠerence approximation and the assumption that no body forces except for gravity force are applied to the body, the right hand side of Eq. (64) can be written as follows:
in which bxi and byi are the components of the body force vector with respect to x and y direction, respectively. The fourth term on the left hand side of Eq. (58) can be rewritten as
where \ I is velocity vector at grid node. The velocity vector \ (x) at position x is discretized by using the nodal basis function NI(x), namely,
Using Euler's approximation, time discretization is given as follows:
where Dt is time increment, subscript t and t＋Dt denote current time and time at the next step, respectively. Substituting Eq. (68) 
Next, backward diŠerence is adopted to the rate of pore water pressure as
Theˆfth term on the left hand side of Eq. (58) is given as follows:
where
Considering the arbitrary property of wn and substituting Eqs. (59), (61), (65), (69) and (71) into Eq. (58), we obtain the following equationsˆnally:
in which
Algorithm of MPM-FDM Coupled Analysis
The algorithm of the original Material Point Method (Sulsky et al., 1994 (Sulsky et al., , 1995 consists of three steps, an initialization phase, a Lagrangian phase, and a convective phase. Information of the material points such as mass and velocity is transferred to the computational grids in the initialization phase; then the governing equations are formulated and solved on the grids. In the Lagrangian phase, the information at the grid nodes are mapped back to the material points and the computational grids are redeˆned in the convective phase.
The algorithm of MPM-FDM coupled analysis is similar to that of the original MPM except for the calculation of pore water pressure. The pore water pressure is initially given on the material points and is mapped to the center of the grid for solving the continuity equation by FDM. Then, the pore water pressure is transferred from the center of the grid to the material points.
The other feature of the present MPM and FDM coupled method is the mass of material point. The mass of each material point of the original single-phase MPM is constant during the whole computation, while that of the three-phase coupled MPM changes according to the change of the degree of saturation, e.g., the point mass of unsaturated soil increases when water ‰ows in. Thus, point mass should be calculated in every calculation step using the degree of saturation, Sr, and the volume occupied by the material point, Vp. In addition, the point mass excluding the mass of the pore water occupied by the material points, M The computation procedures of MPM-FDM coupled analysis are described below and the schematicˆgure of the algorithm is illustrated in Fig. 3 . Superscripts k, k＋1 and L indicate the current step, the next step and the Lagrangian phase between the two steps, respectively. Dt is a time increment.
1. The mass of the grid nodes for the soil skeleton m s,k I is determined using the mass of material point dependent only on the soil skeleton M s,k p as:
2. The velocities at the grid nodes \ k I is obtained by the following equation: in which Vp is the velocity vectors at the material points.
3. As for the pore water, the pore water pressure at the center of the grid p f,k E is calculated as an average of the pore water pressure of material points in the grid p f,k
where N pE is number of material points in the grid. 
7. The strain increments De k＋1 p are obtained from gradients of the nodal velocities evaluated at the material points and are used to update the strain for the material points.
8. The volume occupied by each material point V k＋1 p and the porosity n k＋1 are calculated using the volumetric strain, and the mass of material point is computed as ( 8 7 ) where C EP is the tangential stiŠness of the elasto-plastic constitutive model by Oka et al. (1999) . The derivation of C EP is given in the APPENDIX. 10. With regard to the pore water pressure, since the pressure at the center of grid is representative of the gird, the pore water pressure of the material points in the interior of the grid are updated so they are the same as the pore water pressure at the center of the grid, namely,
11. The material points are heldˆxed and the computational grid is redeˆned arbitrarily.
NUMERICAL IMPLEMENTATION

Initial Conditions
Assuming that the traction and the body force except for gravitational force are not taken into account, the equilibrium equations for the whole mixture at the initial state can be written as
in which the subscript t＝0 indicates the value at the initial state. The following initial conditions are considered in the analysis, which satisfy the equilibrium, Eq. (89). Initial skeleton stress is calculated corresponding to the eŠective self weight and the initial pore water pressure below the water level is given by the hydrostatic pressure. In the unsaturated region, we set the constant negative initial pore water pressure corresponding to the initial saturation with Eqs. (32) and (33) . In the transition region between the water level and the constant-suction region, we assumed the pore water pressure to be linearly interpolated Kato et al., 2009a, b) . The negative pore water pressure, i.e., suction, is added to the isotropic component of the initial skeleton stress tensor, by which the increase in the soil modulus due to suction is considered. The initial displacement caused by the gravity force and the initial velocity are assumed to be zero.
Boundary Conditions
In MPM, the material points occupying the boundaries with the prescribed values at the initial conˆguration carry the boundary conditions during deformation. When solving the governing equations on the computational grid, the boundary conditions are mapped to the grids. The displacement boundary conditions and the traction boundary conditions for the whole mixture are simply mapped to the grid nodes on the boundaries using the basis function, i.e., conventionalˆnite element shape functions for four node isoparametric quadrilateral elements. As mentioned above, the MPM-FDM method requires no speciˆc procedure for setting boundary conditions except the mapping between the material points and the grids. In the case that the boundaries with prescribed values are spatiallyˆxed, e.g., the impermeable and thê xed conditions due to rigid walls or symmetry, we can skip the mapping and set the conditions on grids for simplicity.
Time Increment
In order to obtain stable solutions by MPM, it has been pointed out that the shorter time increment than the standardˆnite element method is required, especially when the material points are located near the corners of the grids (e.g., Wi ckowski et al., 1999). For MPM-FDM coupled method, the stability conditions for the FDM are required as well.
In the analysis by the MPM-FDM coupled method, since the explicitˆnite diŠerence scheme is used, it is necessary to satisfy the Courant-Friedrichs-Lewy condition (e.g., Richtmyer and Morton, 1967) for the convergence of numerical solutions, i.e.,
where D t and Dx are the diŠerence intervals for time and space, respectively, and c is the wave speed.
In addition, the stability conditions of the analytical scheme in a one-dimensional u-p formulation include the following inequality as (Kato 1995 
in which k is the permeability coe‹cient, g is the gravitational acceleration and g is the parameter for Newmark's b method. In the case that Euler's approximation is used, as it was in the present study, the parameter g is equal to 1.
The time increment should be chosen to satisfy these two conditions in this analysis method and the convergence should be examined.
NUMERICAL ANALYSIS OF FLUID-SATURATED POROUS SOLID BY MPM-FDM COUPLED METHOD
Plane Strain Compression
Numerical simulation of the plane strain compression test using the MPM-FDM coupled method has been carried out. We have used the ‰uid-saturated porous elastic body; Young's modulus is 4350 kN/m 2 , Poisson's ratio is 0.45, the density of the whole specimen is 1.5 Mg/m 3 , and the coe‹cient of permeability is 5.52×10 -5 (m/s). The continuum elastic porous body has been divided into 128 material points and the calculation has been performed on the computational grids as illustrated in Fig. 4(a) . In this analysis, the horizontal displacement of the grid nodes on the left boundary and the vertical displacement of the bottom boundary areˆxed. The drainage conditions can be explained as follows: the top boundary is permeable, while the left, the bottom, and the right boundaries are impermeable. On the top boundary, vertical load of 50 kPa is gradually applied with a rate of 0.05 kPa/sec. The time increment employed in this analysis is 0.0005 sec. In order to examine the algorithm of the proposed method, a numerical simulation by FEM (e.g. (Fig. 4(b) ). Figure 5 shows the deformation and the distribution of the excess pore water pressure. The specimen is vertically compressed by the loading and the excess pore water pressure generates in the specimen. The pore water pressure at the bottom of the specimen is higher than that just beneath the permeable top surface. The time history of the excess pore water pressure is shown in Fig. 6 . During the loading, namely, until 1000 seconds, the excess pore water pressure keeps almost constant, and then it decreases to zero. This is because the pore water pressure depends on the rate of vertical loading. Figure 7 shows the vertical displacement of the top of the specimen. It can be seen in Figs. 6 and 7 that the results by the MPM-FDM coupled method are similar to those by FEM. It is worth noting that the FEM used in this study is based on an inˆnitesimal strain theory; on the other hand, the MPM-FDM coupled method inherently deals withˆnite deformation since the MPM-FDM method has the same properties as the updated Lagrangian formulation of thê nite element method in the sense that the computational grids are redeˆned at every step corresponding to the deformed body.
One-dimensional Consolidation
The one-dimensional consolidation problem, which is a typical problem for soil-water coupled behavior, has been analyzed by the MPM-FDM method. The material is assumed to be an elastic body; Young's modulus is 10 MN/m 2 , Poisson's ratio is 0.333, the density of the whole specimen is 1.5 Mg/m 3 , and the coe‹cient of permeability is 1.16×10 -7 (m/s). Figure 8 shows the boundary conditions and initial conˆguration of the material points and grid. The top boundary is permeable while the bottom is impermeable. We imposed an initial excess pore water pressure of 98 kPa on each material point, which corresponds to a vertical loading of 98 kPa assuming that water is incompressible. In addition, an analysis using a ner grid and material points has been carried out in order to examine the convergence of the analysis method. The time increment of these analyses is 0.005 sec. Figure 9 shows the time history of the dissipation of excess pore water pressure of one-dimensional consolidation and Terzaghi's analytical solution. The results obtained by the proposed method are similar to the analytical solution. The pore water pressure isochrones are shown in Fig. 10 . The rate of dissipation of the pore water pressure by the MPM-FDM method is slightly faster than that of the analytical solution. This is because of the diŠerences between the two methods referred to already, namely, MPM is based on theˆnite deformation theory in which the drainage length is updated in the advance of consolidation, while the drainage length of the analytical solution by Terzaghi is constant. It can be seen in Fig. 10 that the results of the analysis usingˆner grids with four material points are similar to those obtained when using coarser grids. We can say that not only does the proposed method well reproduce Terzaghi's onedimensional consolidation theory, which is the typical soil-water coupled problem, but also that the convergence of the proposed method is veriˆed.
NUMERICAL ANALYSIS OF SEEPAGE-DEFORMATION COUPLED BEHAVIOR BY THE MPM-FDM COUPLED METHOD
One-dimensional Inˆltration Figure 11 illustrates the boundary conditions for the seepage problem in the one-dimensional unsaturated linear elastic column. The initial saturation is 60z, Young's modulus E is 52 MN/m 2 , Poisson's ratio n is 0.3, initial void ratio e0 is 0.786 and saturated permeability coe‹cient is 1.0×10 -3 m/s. For the unsaturated characteristics, the Guide for Structural Investigations of River Embankments (Japan Institute of Construction Engineering, 2002) was followed: van Genuchten's parameters are determined to be a＝2.0 m -1 and n?＝4.0, the maximum saturation Srmax (＝us/n) is 1.00 and the minimum saturation Srmin (＝ur/n) is 0.22. The height of the soil column is 6 m. A water pressure head of 1.5 m is applied to the top boundary with the rate of 0.3 m/min. The time increment employed in this analysis is 0.001 second.
Deformation and the distribution of the pore water pressure are shown in Fig. 12 . The initial pore water pressure is -5.52 kPa, which corresponds to the initial saturation of 60z. The pore water pressure of saturated soil becomes positive as the inˆltration of the water advances. After all the soil has been saturated, the distribution of the pore water pressure becomes equal to that of the hydrostatic pressure.
The time history of the vertical and the horizontal skeleton stresses, sy ? and sx ?, respectively, the pore water pressure, and the volumetric strain at the material point located at 3.0 m from the bottom are shown in Fig. 13 . Before the material point is saturated (330 sec), the traction force due to the water head of 1.5 m and the increase in the unit weight of the soil associated with the saturation induces compressive volumetric strain and increases in the vertical and horizontal stresses. After saturation, the expansive volumetric strain starts to generate in the soil and rapidly increases when the bottom of the soil is saturated (700 sec). The thin lines indicate the results bŷ nite element analysis under the same conditions (Kato et al., 2009a ). The results obtained by MPM are similar to those obtained by FEM. We can say the applicability of the MPM-FDM coupled method to seepage ‰ow-deformation coupled phenomenon during inˆltration has been veriˆed. We can see slight diŠerences in the stresses, the strain, the pore water pressure and the time at saturation probably because of the diŠerent algorithm used for updating the variables and the time integration scheme between the MPM and FEM. The algorithm of the MPM used in this study is that of the original MPM (Sulsky et al., 1994) , which has problems with possible numerical dissipation (Sulsky et al., 1995; Bardenhagen, 2002) . It is worth noting that it is possible to improve the numerical solutions by employing the newer algorithms (e.g., Sulsky et al., 1995; Nairn, 2003) and the other discretization scheme (e.g., Bardenhagen and Kober, 2004) .
Seepage-deformation Behavior of River Embankment
The two-dimensional seepage-deformation coupled behaviors of river embankments have been simulated. As shown in Fig. 14, a slope of an unsaturated river embankment is used. Initial water level is located at a level of 0.5 m from the bottom boundary and the water level of the right boundary rises from 0.5 m to 2.5 m with the rate of 0.5 m/hour. The bottom and the left boundaries are impermeable. For the slope and the foundation in front of the toe of the slope, no ‰ow boundaries are assumed at the initial state. After the material points with no ‰ow boundaries are fully saturated, the boundaries become drainage, i.e., the pore water pressure is equal to zero at the boundaries. The bottom boundary isˆxed and the horizontal displacements of the left and right boundaries areˆxed. The river embankment is an unsaturated body modeled by an elasto-plastic constitutive model (Oka et al., 1999) . The material parameters used in this analysis are listed in Table 1 . Those parameters are determined by triaxial tests for Kizugawa river sand. The initial suction is 5.52 kPa, corresponding to the initial degree of saturation of 60z. The parameters related to the unsaturated characteristics used in this section are the 
where de p is the plastic deviatoric strain tensor. It is seen in Fig. 15 that the degree of saturation increases due to the inˆltration of the river water from the right boundary. Corresponding to the saturation, the accumulation of plastic strain g p can be seen in Fig. 16 . A marked increase in the strain near the boundary between the embankment and the river water can also be seen. The distribution of displacement vector at 3 hours is shown in Fig. 17 . We can clearly see that the soil near the boundary between the embankment and the river water deforms upward, and the displacement around the water surface is relatively larger than the other part. The displacement vectors demonstrate the expansion behavior. Figures 18  and 19 depict the distribution of the mean skeleton stress and that of pore water pressure, respectively. It can be seen that the mean skeleton stress decreases corresponding to the increase in pore water pressure due to the inˆltration of pore water. The decrease in the mean skeleton stress induces the expansion behavior shown in Fig.  17 . Note that it is necessary to consider the eŠect of suction on the constitutive model in order to describe the collapse behavior, i.e., the volume compression as a result of the decrease in suction. As can be seen in these results, the proposed method can simulate the seepage-deforma- tion coupled behavior during the inˆltration of river water. However, as can be seen in theˆgure, little deformation of the embankment occurred, after 21 hours where the regions with high strain levels are small and the shape of the embankment is almost same as that at the initial state. In order to demonstrate the development of the large deformation, a numerical analysis of unsaturated river embankment has been performed, and the material parameters of medium dense Toyoura sand used is listed in Table 1 . In this analysis, a half of the river embankment is modeled, as shown in Fig. 20 . Displacements of the bottom boundary areˆxed and those of the right and left boundaries are horizontallyˆxed. The water level is initially located at a level of 1.0 m from the bottom and the water level rises to the top of the embankment at a level of 5.0 m, with a rate of 0.5 m/hour. The bottom and the left boundaries are impermeable. The drainage conditions for the crest, the slope and the foundation in front of the toe of the slope are the same as those for the former analysis case. The number of material points and computational grids for this analysis are 520 and 264, respectively. The time increment used in this analysis is Figure 21 shows the distribution of the degree of saturation, with similar behavior as that of Kizugawa river sand, i.e., the degree of saturation increases as the water level rises near the boundary between the river water and the embankment. For the distribution of g p in Fig. 22 , large strain starts to localize near the toe of the embankment and along with the slope of embankment at 8 hours when almost all of the soil is saturated. Near the boundary between the river water and the embankment, the same tendency can be seen for the case of the Kizugawa, i.e., the strain becomes large. After 14 hours, the strain near the toe of the embankment develops and the large deformation at the slope surface can be seen. Then the deformation along with slope develops and the slope failure can be seen at the surface of the slope with a very large accumulation of g p .
CONCLUSIONS
We have proposed a large deformation analysis procedure for the air-water-soil three-phase porous media, as an extension of the original MPM proposed by Sulsky et al. (1994) . Based on the u-p formulation and simpliˆed three-phase method, the equations of motion for the whole mixture have been formulated by the MPM, and the continuity equation for the water phase has been discretized by the Finite Volume Method, which is classiˆed as the FDM. The essential feature of the coupled MPM-FDM procedure includes a coupled Lagrangian-Eulerian scheme that can describe large deformations involving multi-phase materials, the simplicity of numerical implementation of boundary conditions as well as constitutive equations, and an analogy with the FEM when solving the governing equations on the computational grids.
The numerical analyses of the one-dimensional consolidation problem and the compression problem under plane strain conditions for fully saturated soils have been performed by the proposed method. The numerical results for one-dimensional consolidation are in good agreement with Terzaghi's analytical solution, and the results for the compression problem are in good agreement with those obtained by the FEM. In addition, the seepage-deformation coupled responses of partially saturated soils, the one-dimensional soil column and the twodimensional river embankment have been simulated by the proposed method. The results of one-dimensional inltration are similar to the numerical results obtained by the FEM. Considering these numerical examples, we can say that the applicability of the proposed method to soilwater coupled problems for fully saturated soils and to seepage-deformation coupled problems for partially saturated soils has been veriˆed.
The proposed method canˆnd many applications in analysing large deformations, including post-failure behavior induced by seepage and/or over‰ow in order to evaluate the safety of river embankments during ‰oods.
APPENDIX: CYCLIC ELASTO-PLASTIC CONSTITUTIVE MODEL FOR SAND
For the constitutive model for unsaturated soil, a cyclic elasto-plastic constitutive model for sand (Oka et al., 1999 ) is used in the present study. Brief explanation of the model and the derivation of the elasto-plastic tangential stiŠness C EP in Eq. (77) are described herein. 
where s? mbi is the initial value of s? mb, e is the void ratio, l is compression index. k is swelling index, [ P , is plastic volumetric strain.
The plastic strain-dependency of the shear modulus B* is deˆned as B*＝ B0 * 1＋g P * ap /g P * r (A9) in which B0 * is the initial value of B*, g P * ap is the accumulat-ed value of g P * after the onset of the cyclic mobility condition, and g
